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Abstract
Let A be the C∗-algebra associated to an arbitrary continuous field of C∗-algebras. We give a necessary
and sufficient condition for A to have the ideal property and, if moreover A is separable, we give a necessary
and sufficient condition for A to have the projection property. Some applications of these results are given.
We also prove that “many” crossed products of commutative C∗-algebras by discrete, amenable groups
have the projection property, generalizing some of our previous results.
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1. Introduction
A C∗-algebra is said to have the ideal property if each of its ideals is generated (as an ideal) by
its projections (in this paper, by an ideal we mean a closed, two-sided ideal). The study of the C∗-
algebras with the ideal property was suggested by Elliott. This class of C∗-algebras is important
because it includes the C∗-algebras of real rank zero [4] and the simple, unital C∗-algebras. The
ideal property was studied in [11,15–27,31] (see also [29]). The ideal property is important in El-
liott’s classification program for the nuclear, separable C∗-algebras [7]. Indeed, in [31] a certain
class of unital, approximate interval (AI) algebras with the ideal property was classified, in [18]
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shape equivalence by K-theoretical invariants and in [11] we proved, in particular, that every AH
algebra with the ideal property and with the dimensions of the local spectra uniformly bounded
can be written as an AH algebra over (special) base spaces of dimensions at most 3. This last the-
orem generalized similar and strong reduction theorems for real rank zero AH algebras—proved
by Dadarlat [5] and Gong [9]—and also for simple AH algebras—proved by Gong [10]—which
have been major steps in the classification of the corresponding classes of AH algebras. (By the
way, note that the above mentioned reduction results of Dadarlat [5] and Gong [9] combined with
a recent result of H. Lin easily imply a reduction theorem for the unital, simple AH algebras A of
real rank zero, stable rank one and with weakly unperforated K0(A).) Also, we have been able
to obtain nonstable K-theoretical results for a large class of C∗-algebras with the ideal property.
Indeed, if A is an AH algebra with the ideal property and with slow dimension growth, we proved
that A has stable rank one (that means, in the unital case, that the set of the invertible elements
of A is dense in A) [18], that K0(A) is weakly unperforated in the sense of Elliott and is also
a Riesz group [18,19] and that the strict comparability of the projections in A is determined by
the tracial states of A, when A is unital [18]. Also, it is worth to mention that, as we first noticed
in [19], large classes of C∗-algebras with the ideal property have a nice K-theoretical description
of their ideal lattice (see also [22,24,27,29]). An interesting class of C∗-algebras with the ideal
property consists of the C∗-algebras with the projection property [23]. We recall from [23] that
a C∗-algebra is said to have the projection property if each of its ideals has an approximate unit
consisting of projections. Note that every simple, unital C∗-algebra has the projection property
and so does every separable C∗-algebra with real rank zero (combine [4, Theorem 2.6] with [13,
Theorem 6]).
In this paper we continue our work on the ideal property and on the projection property.
Clearly, a natural and important problem is to characterize the ideal property and the projection
property for interesting classes of C∗-algebras. In the past, we characterized the ideal property
and proved that it coincides with the projection property for the class of AH algebras [18], for
the class of GAH algebras [22], for the class of separable LB algebras [24] and we characterized
the ideal property for a large class of separable crossed products of commutative C∗-algebras
by discrete, amenable groups [25]. We proved in [23] that, even in the separable case, the ideal
property and the projection property do not coincide despite of all the above mentioned “possible
evidence” for the contrary conclusion. We would like to point out that the C∗-algebras defined
by continuous fields of C∗-algebras [6] represent a natural, interesting and rich class of C∗-
algebras [6,8]. The ideal property and the projection property are important for this class of
C∗-algebras since they are relevant in Elliott’s classification program. Let A = ((A(t))t∈T ,Θ)
be a continuous field of C∗-algebras and let A be the C∗-algebra associated to it. Define U :=
{t ∈ T : A(t) = 0}. In this paper we prove that A has the ideal property if and only if U is totally
disconnected and for each t ∈ U,A(t) has the ideal property (Theorem 2.1). If in addition A is
separable, we prove that A has the projection property if and only if U is totally disconnected and
for each t ∈ U , A(t) has the projection property (Theorem 2.6). As an application of Theorem 2.1
we prove, using also [8], a characterization of the ideal property for the C∗-algebras whose
primitive spectrum is Hausdorff (Theorem 2.5), and as an application of Theorem 2.7, we prove,
using also [8], a characterization of the projection property for the separable C∗-algebras whose
primitive spectrum is Hausdorff (Theorem 2.10). As a consequence of Theorem 2.5 we prove
that a C∗-algebra A with Hausdorff primitive spectrum Prim(A) which is generated as an ideal
of A by its projections has the ideal property if and only if Prim(A) is totally disconnected
(Corollary 2.6) and as a consequence of Theorem 2.10 we prove that a separable C∗-algebra A
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property if and only if Prim(A) is totally disconnected (Corollary 2.11). The proofs of the above
results rely on some of Fell’s work in [8] and on the description of the ideals of a C∗-algebra
defined by a continuous field of C∗-algebras [6]. Theorem 2.1 easily implies that a commutative
C∗-algebra B has the ideal property if and only if B has the projection property, if and only if
the spectrum of B is totally disconnected, if and only if B has real rank zero. In [27] we proved
that the ideal property does not pass to minimal tensor products, even in the separable case.
Note also that if M and N are nonzero C∗-algebras such that their minimal tensor product has
the ideal property, M and N do not necessarily have the ideal property. However, Theorem 2.1
obviously implies that if A and B are nonzero C∗-algebras with B commutative, then A ⊗ B
has the ideal property if and only if both A and B have the ideal property (see Corollary 2.4).
A similar result is obtained—in the separable case—for the projection property, as an obvious
consequence of Theorem 2.7 (see Corollary 2.9) (which is interesting for analogue reasons [23]).
Combining Corollary 2.6 with Corollary 2.11 it follows that the ideal property and the projection
property coincide for the class of separable C∗-algebras with an approximate unit of projections
and with Hausdorff primitive spectrum (see Remark 2.12). It is also worth to mention that results
by Bratteli and Elliott in [3] immediately imply that the ideal property and the projection property
coincide on the class of separable, type I C∗-algebras (see Remark 2.12).
Finally, we construct a large class of crossed product C∗-algebras with the projection prop-
erty (and hence, with the ideal property). The crossed products [28] represent a rich and valuable
source of interesting C∗-algebras and they are related to the domain of the dynamical systems.
Many interesting nuclear, separable C∗-algebras are in fact crossed products of commutative,
separable C∗-algebras by discrete, countable, amenable groups (e.g., the irrational rotation alge-
bras, the Bunce–Deddens algebras and others (see [1])). We prove that “many” crossed products
of commutative, separable C∗-algebras C by discrete, countable, amenable groups which induce
a free action on the (primitive) spectrum of C have the projection property (and hence, the ideal
property) (Theorem 2.13). This result, which generalizes two of our results in [25], has a corol-
lary (Corollary 2.14) which implies, in a very particular case, that if X is a totally disconnected,
locally compact, metric topological space (e.g., the Cantor set) and if h is an arbitrary aperiodic
homeomorphism of X, then the transformation group C∗-algebra C∗(Z,X,h) has the projection
property.
If A is a C∗-algebra, P(A) will denote the set of all the projections of A, i.e., P(A) = {p ∈ A:
p = p∗ = p2}, while Prim(A) will denote the primitive spectrum of A endowed with the Jacob-
son (or the hull-kernel) topology (see [6]). The symbol ⊗ will in this paper always mean the
minimal tensor product (of C∗-algebras). Let G be a locally compact group. G is amenable if
there is a left invariant mean on L∞(G) (see [28]). Note that if G is compact or if it is abelian,
then G is amenable [28]. Let (G,X) be a topological transformation group. Recall that G is said
to act freely on X (or we say that the action of G on X is a free action) if for every x ∈ X and
for every g ∈ G, g different from the neutral element of G, we have that gx = x. Recall also
that a C∗-dynamical system is a triple (A,G,α) consisting of a C∗-algebra A, a locally compact
group G and a continuous homomorphism α of G into the group Aut(A) of ∗-automorphisms
of A equipped with the topology of pointwise convergence. If M is a subset of a set X, χM will
denote the characteristic function of M , that is χM :X → C is defined by χM(x) = 1 if x ∈ M
and χM(x) = 0 if x ∈ X \ M (X will be understood from the context). If T is a locally com-
pact, Hausdorff space, Cb(T ) will denote the set of all the continuous and bounded functions
f :T → C,Cc(T ) will denote the set of all the functions f :T → C which are continuous and
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vanishing at infinity.
2. Results
Theorem 2.1. Let A= ((A(t))t∈T ,Θ) be a continuous field of C∗-algebras over a locally com-
pact, Hausdorff space T . Let A be the C∗-algebra associated to A. Then, the following are
equivalent:
(1) A has the ideal property;
(2) T1 := {t ∈ T : A(t) = 0} is totally disconnected and for every t ∈ T1, A(t) has the ideal
property.
The proof of this theorem will use the following two lemmas:
Lemma 2.2. Let A = ((A(t))t∈T ,Θ) be a continuous field of C∗-algebras over a nonempty,
compact, Hausdorff space. Let A be the C∗-algebra associated to A. Suppose that {t ∈ T :
A(t) = 0} has at most one element. If A has the ideal property, then T is totally disconnected
and A(t) has the ideal property for every t ∈ T .
Proof. We know that for each t ∈ T , A  f 	→ f (t) ∈ A(t) is a surjective ∗-homomorphism.
Then, since A has the ideal property and since the ideal property passes to quotients, it follows
that each A(t) (t ∈ T ) has the ideal property.
Now, let X be a connected component of T . By a general argument, X is closed in T and hence
compact and Hausdorff, since T is compact and Hausdorff. The rest of the proof of this lemma
contains an extension of an argument given in [26]. Let B = A | X be the field induced by A
on X, that is A | X = ((A(t))t∈X,ΘX), where ΘX is the set of continuous vector fields on X (see
[6, 10.1.6]). It is easy to see that B =A | X is a continuous field of C∗-algebras. Note that if B
is the C∗-algebra associated to B, then B = ΘX , since X is compact. Also, since T is compact,
A = Θ . Now, define a ∗-homomorphism Φ :A → B by Φ(f ) := f |X , for every f ∈ Θ = A
(obviously, f |X(x) = f (x), for every f ∈ Θ and x ∈ X). Since T is paracompact and X is closed
in T , [6, Proposition 10.1.12] implies that Φ is surjective. Now, since A has the ideal property
and the ideal property passes to quotients, it follows that B has the ideal property. We want to
prove now that X is a point. Suppose by contradiction that X is not a point and choose x0 ∈ X
such that the ideal I := {f ∈ B = ΘX: f (x0) = 0} of B is nonzero. (If {t ∈ T : A(t) = 0} = ∅,
then x0 can be any element of X. Suppose now that {t ∈ T : A(t) = 0} = {t0}. If t0 ∈ X, choose
x0 = t0; if t0 /∈ X we can choose as x0 any element of X.) Since X is connected and for each
f ∈ B the map X  t 	→ ‖f (t)‖ ∈ R is continuous, it follows that I has no nonzero projections.
But I is generated by its projections, since B has the ideal property. This implies that I = 0, a
contradiction. In conclusion X is a point and hence, T is totally disconnected. 
Lemma 2.3. Let A = ((A(t))t∈T ,Θ) be a continuous field of C∗-algebras over a locally com-
pact, Hausdorff space T . Let A be the C∗-algebra associated to A.
(1) Suppose that X is nonempty, A(t) is nonzero for each t ∈ T and A has the ideal property.
Then, T is totally disconnected and each A(t) (t ∈ T ) has the ideal property.
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ideal property.
Proof. (1) Assume the hypothesis of (1). Let T˜ = T ∪ {∞} be the one-point compactification
of T . Let B = ((A′(t))
t∈T˜ ,Θ
′) be the continuous field of C∗-algebras given by A′(t) = A(t)
if t ∈ T and A′(∞) = 0 and by Θ ′ := {f ∈∏
t∈T˜ A′(t): f |T ∈ A} (see [6, Proposition 10.2.6]).
Let B be the C∗-algebra defined by B. Then B = Θ ′ since T˜ is compact. Since B  f 	→ f |T ∈ A
is a ∗-isomorphism and since A has the ideal property, it follows that B has the ideal property.
Since T˜ is nonempty, compact and Hausdorff and A′(∞) = 0 while A′(t) is nonzero for every
t ∈ T˜ \ {∞} (= T ), Lemma 2.2 implies that T˜ is totally disconnected and each fiber algebra A′t
(t ∈ T˜ ) has the ideal property. The proof of (1) is over once we observe that since T˜ is totally
disconnected, its subspace T will be also totally disconnected.
(2) Assume the hypothesis of (2). Let I be an ideal of A. For each t ∈ T , define I (t) :=
{f (t): f ∈ I } (⊆ A(t)). Since A  f 	→ f (t) ∈ A(t) is a surjective ∗-homomorphism and since
I is an ideal of A, it follows that I (t) (the image of I by this ∗-homomorphism) is an ideal of A(t)
and hence I (t) has the ideal property since A(t) has the ideal property. By [6, Lemme 10.4.2],
I = {f ∈ A: f (t) ∈ I (t), t ∈ T }. Define Γ := {f ∈ Θ: f (t) ∈ I (t), t ∈ T }. Then, it is easy to
see that I := ((I (t))t∈T ,Γ ) is a continuous field of C∗-algebras and that the C∗-algebra defined
by I is I . We want to prove that I is generated by projections. For this, fix x ∈ I and  > 0. Define
K := {t ∈ T : ‖x(t)‖ }. Then, clearly, K is a compact subset of T . For each fixed t ∈ T , since
I (t) has the ideal property, there are n(t) ∈ N, ai,t , bi,t ∈ I (t),pi,t ∈P(I (t)), 1 i  n(t), such
that ∥∥∥∥∥x(t)−
n(t)∑
i=1
ai,tpi,t bi,t
∥∥∥∥∥< . (2.1)
By [8, Lemma 3.1], there are an open neighborhood Vt of t and p˜i,t ∈ I such that p˜i,t (t) = pi,t
and p˜i,t (s) ∈ P(I (s)) for each s ∈ Vt and 1 i  n(t). Also, by [6, Proposition 10.1.10], there
are a˜i,t , b˜i,t ∈ Γ such that a˜i,t (t) = ai,t , b˜i,t (t) = bi,t for every 1  i  n(t). Multiplying each
of these elements of Γ by a continuous function T → C with compact support and which is
equal to 1 in t , we may suppose, and we shall, that a˜i,t , b˜i,t ∈ I , 1  i  n(t) (we used [6,
Proposition 10.1.9(ii)]). Using the continuity property of the norm for continuous fields of C∗-
algebras, the inequality (2.1), the fact that x, ∑n(t)i=1 a˜i,t p˜i,t b˜i,t ∈ Γ and the equalities a˜i,t (t) =
ai,t , p˜i,t (t) = pi,t , b˜i,t (t) = bi,t , 1  i  n(t), imply that there is an open set Ut with Ut ⊆ Vt
and t ∈ Ut , such that∥∥∥∥∥x(s)−
n(t)∑
i=1
a˜i,t (s)p˜i,t (s)b˜i,t (s)
∥∥∥∥∥< , s ∈ Ut .
Since T is totally disconnected, locally compact and Hausdorff, by [2, Chapitre 2, §4.4, Corol-
lary] it follows that the closed and open (clopen) subsets of T form a base for the topology of T .
Hence, we may suppose, and we shall, that Ut is clopen. Hence, since K is compact, there is a
finite cover (Uk)1kn of K such that each Uk is clopen and there are mk ∈ N, ai,k , bi,k , pi,k ∈ I
with pi,k(s) ∈P(I (s)) if s ∈ Uk , 1 i mk , 1 k  n, such that∥∥∥∥∥x(s)−
mk∑
ai,k(s)pi,k(s)bi,k(s)
∥∥∥∥∥< , s ∈ Uk, 1 k  n. (2.2)
i=1
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∩ (T \ Uk−1) ∩ Uk . Then, since the Uk’s are closed and open in T , each Wk (1  k  n) is
closed and open in T , Wk ⊆ Uk (1 k  n) and (Wk)nk=1 is a partition of U1 ∪ U2 ∪ · · · ∪ Un.
Observe now that for each 1 k  n, χWk ∈ Cb(T ), because Wk is closed and open in T . Using
this and [6, Proposition 10.1.9(ii)], it follows that
χWkpi,k ∈ P(I ), 1 i mk, 1 k  n, (2.3)
because χWk (t)pi,k(t) = pi,k(t) ∈ P(I (t)) whenever t ∈ Wk , 1  i  mk , 1  k  n and
χWk (t)pi,k(t) = 0 ∈ P(I (t)) whenever t ∈ T \ Wk , 1  i  mk , 1  k  n. To end the proof
of (2) we shall prove that∥∥∥∥∥x −
n∑
k=1
(
mk∑
i=1
ai,k · χWkpi,k · bi,k
)∥∥∥∥∥ . (2.4)
Indeed, (2.4) will imply that (2) is true, due to (2.3). To prove (2.4), let t ∈⋃nk=1 Wk. Then,
t ∈ Wk0 for a unique 1  k0  n (since Wk ∩ Wl = ∅ whenever k = l, 1  k, l  n). This fact
together with the inclusion Wk0 ⊆ Uk0 and (2.2) imply that∥∥∥∥∥x(t)−
n∑
k=1
(
mk∑
i=1
ai,k(t)χWk (t)pi,k(t)bi,k(t)
)∥∥∥∥∥
=
∥∥∥∥∥x(t)−
mk0∑
i=1
ai,k0(t)pi,k0(t)bi,k0(t)
∥∥∥∥∥< .
Now, if t ∈ T \ (⋃nk=1 Wk) = T \ (⋃nk=1 Uk) ⊆ T \ K , using the definition of K it follows
that ∥∥∥∥∥x(t)−
n∑
k=1
(
mk∑
i=1
ai,k(t) · χWk (t)pi,k(t) · bi,k(t)
)∥∥∥∥∥= ∥∥x(t)∥∥< .
Hence (2.4) is proved and the proof of (2) is over. 
Proof of Theorem 2.1. Observe first that if T1 = ∅, then clearly (1) ⇔ (2).
Now, let us consider the case when T1 = ∅. Observe that T1 is an open subset of T . (Indeed, for
every x ∈ Θ , {t ∈ T : ‖x(t)‖ = 0} is closed in T and hence {t ∈ T : x(t) = 0 for every x ∈ Θ} =⋂
x∈Θ {t ∈ T : ‖x(t)‖ = 0} is closed; but [6, Proposition 10.1.10] implies that T \ T1 = {x ∈ T :
x(t) = 0 for every x ∈ Θ}, and hence T \ T1 is closed, that is T1 is open in T .) Hence, T1 is
a locally compact Hausdorff subspace of T .
Now, let A | T1 = ((A(t))t∈T1 ,ΘT1) be the field induced by A on T1 (in the sense of [6,
10.1.6–10.1.7]). Let B be the C∗-algebra associated to the continuous field of C∗-algebras B :=
A | T1. We want to prove that A and B are ∗-isomorphic. For this, define the restriction ∗-
homomorphism Φ :A → B by Φ(x) = x|T1 , x ∈ A. (Note that Φ is well-defined, since T1 is
open in T .) Clearly, Φ is injective (by the definition of T1). It remains to prove that Φ is onto.
For this, fix y ∈ B and  > 0. Using the definition of A | T1 and the fact that T1 is open in
T and K := {t ∈ T1: ‖y(t)‖  } is compact in T1, it follows that there are n ∈ N and open
subsets Ui of T1 (1 i  n) such that K ⊆⋃ni=1 Ui and there are ai ∈ Θ (1 i  n) such that‖y(t) − ai(t)‖ < , t ∈ Ui (1  i  n). Define U0 := T1 \ K and a0 := 0 (∈ A). Then, clearly,
‖y(t) − a0(t)‖ = ‖y(t)‖ < , t ∈ U0, and (Ui)n is an open covering of T1. By the proof ofi=0
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such that for every 1  i  n, the support of fi is compact and lies in Uk , f0|T1\U0 = 0 and∑n
i=0 fi = 1. For each 1  i  n, extend fi with 0 on T \ T1 to a function denoted by gi .
Clearly, for each 1  i  n, gi ∈ Cc(T ) and hence giai ∈ A (see [6, Proposition 10.1.9(ii)]). If
we denote z :=∑ni=1 giai , then z ∈ A and it is clear that Φ(giai) = fiai |T1 , 1 i  n, and that
Φ(z) =∑ni=1 Φ(giai) =∑ni=1 fiai |Ti . Now, observe that∥∥Φ(z)− y∥∥ .
Indeed, since a0 = 0 and∑ni=0 fi = 1, for every t ∈ T1 we have
∥∥(Φ(z)− y)(t)∥∥=
∥∥∥∥∥
n∑
i=0
fi(t)ai(t)− y(t)
∥∥∥∥∥=
∥∥∥∥∥
n∑
i=0
fi(t)
(
ai(t)− y(t)
)∥∥∥∥∥

n∑
i=0
fi(t)
∥∥ai(t)− y(t)∥∥ n∑
i=0
fi(t) ·  = .
(We used above the inequalities fi(t)‖ai(t)− y(t)‖ fi(t) · , 0 i  n, which follow from
the inequalities ‖ai(t) − y(t)‖ < , t ∈ Ui , 0  i  n, and from the fact that fi |T1\Ui = 0 and
fi  0, 0 i  n.) Hence y ∈ Φ(A) = Φ(A) which proves that Φ is onto. Therefore Φ :A → B
is a ∗-isomorphism. Hence, A has the ideal property if and only if B has the ideal property. Now,
the proof of (1) ⇔ (2) follows applying Lemma 2.3 for B = ((A(t))t∈T1 ,ΘT1) and B (recall that
T1 = ∅ and A(t) = 0 for every t ∈ T1). 
Corollary 2.4. Let A and B be nonzero C∗-algebras. Assume that A is commutative. Then, the
following are equivalent:
(1) A⊗B has the ideal property;
(2) Prim(A) is totally disconnected and B has the ideal property.
Observe that the above result implies, in particular, that a commutative C∗-algebra A has the
ideal property if and only if Prim(A) is totally disconnected. But, by a general result, Prim(A)
is totally disconnected if and only if dim Prim(A) = 0. Hence, using also [4, Corollary 3.4], it
follows that a commutative C∗-algebra has the ideal property if and only if it has real rank zero.
Theorem 2.5. Let A be a C∗-algebra such that Prim(A) is Hausdorff. Then, the following are
equivalent:
(1) A has the ideal property;
(2) Prim(A) is totally disconnected and for every I ∈ Prim(A), A/I has the ideal property.
Proof. If A = 0, then clearly (1) ⇔ (2). Now, let us consider the case when A = 0. Since
Prim(A) is Hausdorff, the proof of [8, Theorem 2.3] implies that A is ∗-isomorphic to the
C∗-algebra associated to a continuous field of C∗-algebras ((A(t))t∈Prim(A),Θ) over Prim(A),
where for each t ∈ Prim(A), A(t) := A/t . Clearly, A(t) is nonzero for every t ∈ Prim(A).
Now, (1) ⇔ (2) by Theorem 2.1 and the above discussion. 
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is unital, A is an LB algebra [24] or A has an approximate unit of projections). Assume that
Prim(A) is Hausdorff. Then, the following are equivalent:
(1) A has the ideal property;
(2) Prim(A) is totally disconnected.
Proof. Observe that since Prim(A) is Hausdorff, for each I ∈ Prim(A), A/I is a simple
C∗-algebra (because I is then a maximal ideal of A). This fact together with Theorem 2.5 imply
now easily the proof of (1) ⇔ (2). 
Theorem 2.7. Let A= ((A(t))t∈T ,Θ) be a continuous field of C∗-algebras over a locally com-
pact, Hausdorff space T . Let A be the C∗-algebra associated to A. Suppose that A is separable.
Then, the following are equivalent:
(1) A has the projection property;
(2) T1 := {t ∈ T : A(t) = 0} is totally disconnected and for each t ∈ T1, A(t) has the projection
property.
The proof of the above theorem will use the following:
Lemma 2.8. LetA= ((A(t)t∈T ,Θ) be a continuous field of C∗-algebras over a locally compact,
Hausdorff space T . Let A be the C∗-algebra associated to A. Suppose that A is separable, T
is totally disconnected and A(t) has the projection property for every t ∈ T . Then, A has the
projection property.
Proof. Let I be an ideal of A. By a general argument, given in the proof of Lemma 2.3(2), I
is the C∗-algebra associated to a continuous field of C∗-algebras over T , ((I (t))t∈T ,Γ ), where
for each t ∈ T , I (t) := {f (t): f ∈ I }. Since the projection property passes to ideals (as observed
in [23, Proposition 4]), it follows that each I (t) (t ∈ T ) has the projection property (I (t) is the
image of I by the surjective ∗-homomorphism A  f 	→ f (t) ∈ A(t) and hence I (t) is an ideal
of A(t) which has the ideal property, for each t ∈ T ). We shall prove that I has a countable
approximate unit of projections. For this, let a be a strictly positive element of I and let  > 0
(since I is separable—because A is separable—I is σ -unital and hence it has a strictly positive
element [28, p. 70]). Then, since the map T  t 	→ ‖a(t)‖ ∈ C vanishes at infinity, it follows that
K := {t ∈ T : ‖a(t)‖ } is a compact in T .
Now, fix an arbitrary t0 ∈ K . Since I (t0) has the projection property, there is pt0 ∈ P(I (t0))
such that∥∥a(t0)− a(t0)pt0∥∥< . (2.5)
By [8, Lemma 3.1], it follows that there are an open set Ut0 in T , t0 ∈ Ut0 and qt0 ∈ I such
that qt0(t0) = pt0 and qt0(s) ∈ P(I (s)) for every s ∈ Ut0 . Using this, (2.5) and the fact that the
map T  s 	→ ‖a(s) − a(s)qt0(s)‖ ∈ C is continuous, it follows that there is an open subset Vt0
of T ,Vt0 ⊆ Ut0 , t0 ∈ Vt0 , such that∥∥a(s)− a(s)qt0(s)∥∥< , s ∈ Vt0 . (2.6)
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for the topology of T (see [2, Chapitre 2, §4.4, Corollaire]). So, replacing in (2.6) Vt0 with a
subset, if necessary, we may suppose that Vt0 is open and closed in T .
Using the above discussion and the fact that K is compact, it follows that there are n ∈ N,
closed and open sets V1,V2, . . . , Vn in T and q1, q2, . . . , qn ∈ I such that
K ⊆
n⋃
k=1
Vk, (2.7)
qk(s) ∈ P
(
I (s)
)
, 1 k  n, s ∈ Vk, (2.8)∥∥a(s)− a(s)qk(s)∥∥< , 1 k  n, s ∈ Vk. (2.9)
Define, as in the proof of Lemma 2.3(2), W1 := V1 and for every k ∈ N, 2  k  n, Wk :=
(T \ V1) ∩ (T \ V2) ∩ · · · ∩ (T \ Vk−1) ∩ Vk . Then (since the Vk’s are closed and open in T )
each Wk (1 k  n) is closed and open in T ,Wk ⊆ Vk (1 k  n) and (Wk)nk=1 is a partition of
V1 ∪ V2 ∪ · · · ∪ Vn. Define now
p :=
n∑
k=1
χWkqk.
Since χWk ∈P(C(T )) (because Wk is open and closed in T ) and χWk ∈ Cb(T ), it follows that
χWk · qk ∈ P(I ) (1 k  n) (by [6, Proposition 10.1.9(ii)], (2.8) and the inclusion Wk ⊆ Vk) and
(χWkqk)(χWl ql) = 0 whenever 1 k, l  n, k = l (because Wk ∩Wl = ∅ when k = l). Therefore,
p ∈P(I ).
We claim that
‖a − ap‖ .
Indeed, if t ∈ ⋃nk=1 Wk , then there is a unique 1  k0  n such that t ∈ Wk0 (since
Wk ∩ Wl = ∅ whenever k = l, 1 k, l  n). Then p(t) = qk0(t) and hence Wk0 ⊆ Vk0 and (2.9)
imply that ‖a(t)− a(t)p(t)‖ = ‖a(t)− a(t)qk0(t)‖ < . Now, if
t ∈ T
∖( n⋃
k=1
Wk
)
= T
∖( n⋃
k=1
Vk
)
⊆ T \K (by (2.7)),
we have that p(t) = 0 and ‖a(t)− a(t)p(t)‖ = ‖a(t)‖ < , by the definition of K .
Hence, there is a sequence (pn)∞n=1 of projections of I , such that ‖a − apn‖ → 0 as n → ∞.
Since I = Ia, it follows immediately that for each x ∈ I , ‖x − xpn‖ → 0 as n → ∞. Now, by
[13, Theorem 6], it follows that I has a countable approximate unit of projections.
In conclusion, A has the projection property. 
Proof of Theorem 2.7. (1) ⇒ (2). If A has the projection property, then it has the ideal
property and Theorem 2.1 implies that T1 is totally disconnected. Now fix t ∈ T1. Since the
∗-homomorphism A  f 	→ f (t) ∈ A(t) is surjective, since A has the projection property and
since the projection property passes to quotients, it follows that A(t) has the projection property.
The proof of (2) ⇒ (1) is similar to the proof of (2) ⇒ (1) in Theorem 2.1 and uses
Lemma 2.8. 
Corollary 2.9. Let A and B be nonzero, separable C∗-algebras. Assume that A is commutative.
Then, the following are equivalent:
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(2) Prim(A) is totally disconnected and B has the projection property.
The above result and (the discussion after) Corollary 2.4 imply that for separable, commu-
tative C∗-algebras, the ideal property and the projection property are the same. In fact, one can
prove the following more general result: If A is a commutative C∗-algebra, then A has the ideal
property if and only if A has the projection property, if and only if A is an inductive limit
of finite dimensional C∗-algebras. (Indeed, if A has the ideal property, then, as noticed above,
Corollary 2.4 implies that dim Prim(A) = 0 and hence A is an inductive limit of finite dimen-
sional C∗-algebras; since every inductive limit of finite dimensional C∗-algebras clearly has the
projection property and since the projection property implies obviously the ideal property, the
proof is over.)
Theorem 2.10. Let A be a separable C∗-algebra such that Prim(A) is Hausdorff. Then, the
following are equivalent:
(1) A has the projection property;
(2) Prim(A) is totally disconnected and for every I ∈ Prim(A), A/I has the projection property.
Proof. The proof is similar to the proof of Theorem 2.5 and uses the proof of [8, Theorem 2.3]
and Theorem 2.7. 
Corollary 2.11. Let A be a separable C∗-algebra with an approximate unit of projections. As-
sume that Prim(A) is Hausdorff. Then, the following are equivalent:
(1) A has the projection property;
(2) Prim(A) is totally disconnected.
Proof. As observed in the proof of Corollary 2.6, for every I ∈ Prim(A), A/I is a simple C∗-
algebra. Now, this fact together with Theorem 2.10 imply easily the proof of (1) ⇔ (2). 
Remark 2.12. Despite the fact that the ideal property and the projection property do not coin-
cide in general even in the separable case (as we proved in [23]), we showed that they are the
same for AH algebras [18], for GAH algebras [22], for separable LB algebras [24], for commu-
tative C∗-algebras (see the discussion after Corollary 2.9) and for separable C∗-algebras with an
approximate unit of projections and with Hausdorff primitive spectrum (combine Corollary 2.6
with Corollary 2.11). Using results from [3], it is easy to prove that these two properties coincide
on another large and interesting class of C∗-algebras.
Let A be a separable C∗-algebra of type I. Then, the following are equivalent:
(1) A has the ideal property;
(2) A has the projection property;
(3) A is an AF algebra.
Indeed, to prove (1) ⇒ (3) assume that A has the ideal property. But, it follows from [3,
p. 76] that Prim(A) has a base of compact and open sets. Hence, the compact and open subsets
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AF algebra.
The implications (3) ⇒ (2) and (2) ⇒ (1) have trivial proofs.
Theorem 2.13. Let (A,G,α) be a C∗-dynamical system such that the C∗-algebra A is commuta-
tive and separable and the group G is discrete, countable and amenable. Suppose that α induces
a free action (also denoted by α) of G on Prim(A) and that every open α-invariant subset of
Prim(A) is a union of compact and open subsets of Prim(A). Then, A 
α
G has the projection
property.
Proof. Let J be an ideal of A
α
G. By [25, Theorem 2.1] or using [32, Corollary 5.10] as pointed
out on p. 537 of [12], J = I 
α
G, where I is an α-invariant ideal of A. Hence I = C0(U), where
U is an open α-invariant set of Prim(A). By the hypothesis, there is a family (Ui)i∈	 of compact
and open subsets of Prim(A) such that U =⋃i∈	Ui . Observe that each Ui (i ∈ 	) is compact
and open in the relative topology on U . But since U is second-countable (because C0(U) is
separable), therefore it follows by a well-known result that U is a Lindelöf space. Therefore,
(Ui)i∈	 contains a countable subcovering. Then, [14, Chapter 3, Exercise 7, p. 109] implies that
C0(U) = I (⊆ I 
α
G) has a countable approximate unit (pn)n∈N consisting of projections. But
then, by a simple and general argument, it follows that (pn)n∈N is also an approximate unit of
projections for C0(U) 
α
G (= I 
α
G = J ). In conclusion, A has the projection property. 
Corollary 2.14. Let (A,G,α) be a C∗-dynamical system such that the C∗-algebra A is com-
mutative and separable and the group G is discrete, countable and amenable. Suppose that α
induces a free action of G on Prim(A) and that Prim(A) is totally disconnected. Then, A 
α
G
has the projection property.
Proof. The proof follows immediately from Theorem 2.13 and from the fact that the open and
compact subsets of Prim(A) form a base for the topology of Prim(A) (since Prim(A) is totally
disconnected, locally compact and Hausdorff). 
Remark 2.15. Theorem 2.13 generalizes both [25, Corollary 2.3] and [25, Corollary 2.4], and
Corollary 2.14 extends [25, Corollary 2.3]. Observe also that if X is a totally disconnected,
locally compact, metric topological space (e.g., the Cantor set) and if h is an arbitrary aperiodic
homeomorphism of X, then Corollary 2.14 implies that the transformation group C∗-algebra
C∗(Z,X,h) has the projection property.
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